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Abstract of Thesis

We have numerically investigated the influence of a nanoscale silicon tip in proximity to
an illuminated gold nanoparticle. We describe how the position of the high-permittivity tip
and the size of a nanoparticle impact the absorption, peak electric field and surface
plasmon resonance wavelength under different illumination conditions. We detail the
finite element method (FEM) approach we have used for this, whereby we specify a
volume excitation field analytically and calculate the difference between this source field
and the total field (i.e., scattered-field formulation). We show that a nanoscale tip can
locally enhance the absorption of the particle as well as the peak electric field at length
scales far smaller than the wavelength of the incident light.
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electromagnetic methods.
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Chapter 1
Introduction
There have been many attempts to study and understand the behavior of nano particles in numerous
different conditions. Motivating applications range from communications, computing, and data
storage to medical diagnostics and therapies. The enhanced absorption, scattering, and electric fields
associated with nanoparticles localized surface plasmon resonances find application in information
processing [3], sensing [4], microscopy [5, 6], lithography[7, 8], materials processing [5, 9, 10],
optical sources and detectors, and photovoltaics [11]. In many of these applications, nanoparticles
are immobilized on substrates that strongly influence their optical behavior [7, 8]. In addition,
several studies have been conducted on the optical properties of nanoscale probes or tips [12, 13, 6].
These have largely addressed applications in near-field microscopy and enhanced Raman scattering
[14, 15] and have focused on metal or metal-coated tips. Our group’s recent work using a nanoscale
tip to locally modify nanoparticles[5] led us to merge these lines of investigation and to study the
effect of a nanoscale tip in proximity to a metal nanoparticle on a substrate.

Figure 1.1: Scanning Electron Microscope (SEM) image of an AFM probe. Inset: apex of the probe.
Figure courtesy of E. U. Donev.
Experimentally, like many other groups, ours has been interested in understanding the interaction of an Atomic Force Microscope (AFM) tip with nano particles. AFM is widely used in
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manipulation, imaging and measurement of nano particle, but we have focused more on selective
heating, melting, evaporation and deposition of nano particles on a substrate. The general idea is
to bring a very sharp nanoscale probe [16], shown in Figure 1.1, close to the nano particle(s) to
sense the topography and to create an enhanced field around the nano particle. This setup gives rise
to effective and important changes in different aspects of nano particles such as Localized Surface
Plasmon Resonance (LSPR), enhanced Raman scattering and greater extinction cross section. Typically, the probes are metallic, metal coated or dielectric, causing the localization of electric field
around the apex. Analytically, it is difficult to quantify the interaction between the probe and the
particle with respect to the absorption, scattering, change of resultant field etc. Hence, it is imperative to numerically simulate the interaction of nano particle with the AFM probe to gain insight
into the fundamental physics taking place, especially, in the context of our group’s experimental
experience [5].
Most commonly, the particle is assumed to be spherical. Particles actually have different facets
in their topography, however, a sphere is the closest shape and can be assumed in a given sample or
solution. Simulating a spherical particle is easier geometrically and provides a good starting point
having the analytical solution of Lorenz-Mie, as stated in [17].

Si tip
cone
angle
tip radius
vertical
separation

lateral
separation
AuNP

θ

BK7 glass
substrate

TE or TM
TIR Illumination

Figure 1.2: Cross-sectional schematic of geometry of interest. A Silicon (Si) tip (length =370 nm,
radius= 10 nm, cone angle = 10◦ ), is illuminated at an angle, θ of 50◦ with total internal reflection
(TIR) illumination. For TE/TM polarization, the electric/magnetic field is transverse to the plane of
incidence.
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As is shown in Figure 1.2, we study the effect that different positions of a high dielectric constant silicon (Si) tip has on the absorption cross section (Cabs ) and electric field enhancement of
different sized gold nanoparticles (AuNP) resting on a BK7 glass substrate. We also investigate
how the presence of a Si tip changes the frequency of the LSPR of gold nanoparticle (AuNP). Wave
illumination is from below the AuNP under total internal reflection (TIR) conditions. We consider
both transverse electric (TE) and transverse magnetic (TM) excitations, and we vary the position of
the tip both laterally and vertically with respect to the particle.
This thesis will show that a high dielectric constant tip can selectively enhance nanoparticle
absorption at length scales far below the diffraction limit of light. In addition, it will show that
polarization and particle size strongly influence the effect of the tip on the particle. The first three
chapters of this thesis include the introduction, background and the current status of the research.
Chapters four and five describe the simulation setup, geometry, formulation and validation. These
are followed by results and discussion in chapter six. The last chapter is dedicated to the future
work and conclusions.
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Chapter 2
Background Information
2.1

Light-matter interaction

2.1.1

Surface Plasmon (SP)

Plasmonics is the study of the interaction of free, or nearly free, electrons with light. Typically, this
interaction is with the free electrons of a metal [18]. Plasmon is the quantized wave of plasma i.e.
charge density [19]. Metals have a large concentration of free electrons that scatter light effectively
and vibrate with stronger amplitude than those of bound electrons [20]. The optical properties of
metals are frequency dependent; the Drude model, for example, applies for a few metals at certain
wavelengths assuming free electron gas.

εr (ω) = ε∞ −

2
ωD
ω(ω − jγ)

(2.1)

where,
γ = damping constant due to electron-ion collision,
ε∞ = dielectric constant at infinite frequency,
ωD = plasma frequency

2
ωD
=

ηe2
mε0

(2.2)

where,
η = the density of free electrons,
m = effective mass of an electron.
Most metals at optical wavelengths (400 - 750 nm) have negative dielectric constants which
causes the strong reflection of light. At these optical wavelengths, surfaces can sustain surface
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charge density oscillations with specific resonant frequencies, named Surface Plasmon Resonances
(SPR).

2.1.2

Surface Plasmon Polariton (SPP)

This surface plasmon oscillation is naturally coupled to Electro Magnetic (EM) waves to give rise to
a confined EM wave at the interface of a metal and dielectric [19].At a planar surface the propagating
surface plasmon is referred to as a surface plasmon polariton (SPP). Size has always been a problem
in optical circuits because they cannot be scaled far below the wavelength of light. SPPs offer a way
to further scale down the cumbersome optics. In addition, the strong interaction between the SPP
and the metal surface is widely used in sensors [18]. Strictly speaking, a SPP propagates at an
interface of two materials having real refractive indexes of opposite sign. We have briefly given an
example in the Appendix A.1. The fields are maximum at the interface and decay exponentially in
both of the materials, as is shown in Figure 2.1, corresponding to Figure A.1.1. This decay is faster
in metals than in dielectrics. Thus, the EM wave can be confined to a much smaller scale than the
incident wavelength [18].

Figure 2.1: Field distribution corresponding to Figure A.1.1 with respect to the distance normal to
the Ag film.
Figure 2.1 plots the magnetic field associated with a plane wave, incident in glass, striking a 50nm thick silver film. A surface plasmon polariton is excited at the silver-air interface. The sinusoidal
oscillation on the glass side is due to the incident wave. The faster decay of the field in the metal
than glass is notable. The maximum field is at the interface between metal and dielectric (air) on
the opposite side of the film from the incident wave. For a detailed figure of the geometry we used
for this simulation, refer to Appendix A.1.
5

As indicated by equation (2.3), the effective refractive index, nef f , can be large and thus surfaceplasmon polaritons (SPP) can travel slowly
r
nef f =

εm εd
εm + εd

(2.3)

where, εm and εd are the complex valued dielectric constants of metal and dielectric respectively.
However, high values of nef f are accompanied by large losses and SPP sometimes travel no more
than a few micrometers.
The nef f can be very high if εd is close to -εm . As is mentioned in equation (2.1), one could
attain a resonant condition of εd = -real(εm ) by changing the frequency. This condition corresponds
to surface plasmon resonance (SPR).

2.1.3

Localized Surface Plasmon Resonance (LSPR)

As opposed to SPP, one could confine the electron oscillation locally, resulting in a so-called Localized Surface Plasmon (LSP). For an isolated homogenous particle, a gold sphere in our case,
charges build up at the surface due to the incident wave. Thus the incident wave induces a dipole
moment proportional to the applied field [19]:

P = εm αE0

(2.4)

in a medium with permittivity εm , where P is the dipole moment, E0 is the applied uniform static
electric field and α, the polarizability is defined as

α = 4πa3

ε1 − ε2
ε1 + 2ε2

(2.5)

where ε1 and ε2 are the permittivities of the spherical particle and surrounding medium respectively,
and ‘a’ is the radius of the particle [19].
At lower frequency (longer wavelength) the electron oscillation is close to being in phase with
the incident field wave, as is shown in Figure 2.2. In higher frequency (shorter wavelength), the
electron cloud oscillates 180◦ out of phase. At resonance, the phase difference is approximately
90◦ . We will discuss in Sections 2.2.2 and 2.2.3 that the initial incident field is distorted by the
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Figure 2.2: Accumulation of charge in response to the applied field in electrostatic approximation
at off resonance [1]. Permission requested to use this figure from Springerimage.
introduction of the particle and we have a number of variables to manipulate this modified resultant
field. A few examples for this manipulation are changing the frequency of the incident light to
change the permittivities of the particle as well as of the surrounding medium, changing the radius
of the particle ‘a’, etc. [19]. LSP has been widely used in spectroscopy and sensing [21]. The
resonant condition of LSP in a particle has been explored in this work. The advantage of the LSP
over the SPP is that it could be used in a much smaller scale. Since the resonance is based upon
the surrounding material, as in equation (2.9), that material could be as small as a specific kind of
molecule of interest in a given sample [18] that needs to be detected.

2.2
2.2.1

Optical Cross Section
Extinction cross section (Cext )

A particle partially extinguishes the incoming EM energy through absorption and scattering. If the
particle is perfectly absorbing and there is no diffraction, then the extinction cross section would
be the geometrical cross section (πa2 , for a sphere). Instead, the incoming field is distorted by the
presence of a particle, often considered as a point dipole.


2

Cext = 4πa x Im

ε1 − ε2
ε1 + 2ε2


,

(2.6)

where ε1 and ε2 are the permittivities of the sphere and surrounding medium respectively. ‘a’ is the
radius of the particle and x = ka. The scattered field intereacts with the incident field and results in
7

Figure 2.3: Interaction of particle with incident electric field. The illumination angle and setup
corresponds to the Figure 5.2(a). The arrow lengths are proportional to the amplitude and note the
field concentration at the surface of the particle. The tip was defined as air (n = 1).
a net energy flow, giving rise to the actual absorption and scattering. Hence, a strong absorber (with
higher imaginary refractive index) is a strong reflector [20] as well. As will be seen from Figure 2.4
and appendix A.2, scattering and hence, extinction depends on the size, shape, material properties
and composition of the particle, on the surrounding media, and on the frequency and polarization of
the incident light [19].
If the diameter of the particle is much smaller than the wavelength, all the regions in and near
the particle responds simultaneously to the incident field. One can then solve for the electric field
based on Laplace equation with a quasi-static approximation. In a quasi-static approximation, the
solution of electric field inside the particle (r<a) would be [18]:

E = E0

3ε2
ŷ,
ε1 + 2ε2

(2.7)

where E0 is the amplitude of the applied electric field and ε1 and ε2 are the permittivities of the
sphere and surrounding media respectively. The solution for electric field outside the sphere (r>a)
is:

E = E0 ŷ +

ε1 − ε 2 a 3
(2cosθ r̂ + sinθ θ̂)
ε1 + 2ε2 r3
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(2.8)

Figure 2.4: Scanning electron micrographs (top) and dark-field images (bottom) of several metallic
nanoparticles made by e-beam lithography. From left to right the shapes are, a rod, a disc, and two
triangles (the right hand one being the larger of the two). The thickness of these particles were 30
nm and the substrates were silica glass coated with 20 nm of ITO [2]. The scale bar in the top figure
is 300 nm. This figure is used with permission from Wiley.
It can be seen from equation (2.8) that the field is maximum at r = a, i.e. at the surface, and
decays as r is greater than a. Also, one can see that the field peaks when the resonance condition is
reached, i.e. when real(ε1 ) = −2ε2 [18].
2.2.2

Absorption Cross Section (Cabs )

The absorption cross section, Cabs is the effective area of a perfectly opaque object that gives the
same amount of absorption as the real object. Cabs is a measure of the probablity of the absorption,
and the cross sections of a number of particles are additive. Its behavior is modeled as:


Cabs

ε 1 − ε2
= k0 Im 4πa
ε1 + 2ε2
3


(2.9)

where k0 is the wave vector. We will discuss in Section 6.1 that by changing the position of the
silicon tip, we have effectively changed the ε2 of equation (2.9) and thereby, the Cabs .
For an infinitely large sphere (much larger than the skin depth), the incident energy is primarily absorbed in the outer surface. The inner region of that large sphere, on the other hand, plays
almost no role in the absorption. In other words, the absorption is proportional to the area and not
proportional to the volume [19].
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2.2.3

Scattering cross section (Csca )

Similarly, scattering is the difference between extinction and absorption, and the scattering cross
section, Csca is given by:
8
ε1 − ε2
Csca = k04 a6 π
3
ε1 + 2ε2

2

[19]

(2.10)

It is evident from equation (2.9) that Cabs ∝ a3 and hence, is dominant for small (smaller than
the incident wavelength) particles. From equation (2.10), Csca ∝ a6 , i.e. for a bigger (bigger than
the wavelength) particle, the Csca is dominant over the Cabs .

2.3

Finite Element Method (FEM)

There are many ways to solve for the electromagnetic field distribution for a definite geometry.
Methods such as multiple multipole [22], generalized field propagator technique[23], Greens function [24], Finite Difference Time Domain (FDTD) [25], method of moments [26], or the boundary
element method [27]. have their own advantages and dissadvantages. The finite element method
(FEM) is another numerical technique to approximate the solution of boundary value problems of
mathematical physics. It has a few fundamental steps [28]:

• Discretizing the physical domain (creating the mesh, as we will do in Section 4.3),
• Choosing the appropriate interpolation functions (linear or polynomial),
• Formulating the system of equation (with the unknowns as the coefficients for each element),
and
• Solving the system of equations.
An example is given in Appendix A.3 to explain the concept.
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Chapter 3
Current Research Status
3.1

Mie Theory

In 1908, Gustav Mie developed a theory to understand the different colors produced by absorption
and scattering of small colloidal gold particles suspended in water [19]. The formulation helps to
calculate the electric and magnetic fields in and outside of a homogenous sphere or an infinite cylinder. It can be used to accurately predict the cross sections of a particle suspended in a homogeneous
medium. Unlike Rayleigh scattering, Mie theory is valid regardless of the wavelength and can be
effectively used for particles with diameter comparable to or much bigger than the incident wavelengths [29]. Mie theory has been used to validate our simulation setup, as will be explained in
Section 5.1. Detailed equations about Mie theory are contained in Appendix A.2.

3.2

Effect of Substrate on Particle

Nordlander and Halas’ groups have studied the influence of an adjacent dielectric substrate on an
individual plasmonic nanoparticle. They assumed that the change of relative permittivity of the
dielectric with frequency was not significant. They also showed that the dielectric does not directly interact with the metal nano particle except by increasing the effective refractive index of
the surrounding media. This increase causes a redshift in the absorption spectra [19]. If one has
a substrate with higher permittivity, it will create a stronger image of the particle and hence, yield
a stronger interaction. This interaction also depends on the nano particle-substrate separation and
the polarization of light. This is also shown in this thesis in Section 6.1. For Transverse Electric
(TE) illumination, where the electric field is normal to the symmetry plane, the resulting particle
polarization is parallel to the surface leading to a weaker interaction. On the same token, Transverse
Magnetic (TM) polarization, where the magnetic field is normal to the symmetry plane, leads to
increased charge density and electric field near the substrate, and thus stronger interaction between
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p
Figure 3.1: (a) Norm of the electric field ( Ex Ex∗ + Ey Ey∗ + Ez Ez∗ ) for TE illumination of a 50
nm diameter Au particle. (b) norm of the electric field for TM illumination. In both polarization, the
incident was at 50◦ . The tip was defined as air. The strong effect of the substrate for TM polarization
in (b) is notable. For TE polarization in (a), the effect of substrate is insignificant.
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the particle and substrate. Our simulation did gave us similar result as in Figure 3.1. Likewise,
increasing the permittivity of the substrate increases the relative wavelength shift between the TE
and TM incident polarization spectra [7].

3.3

Effect of Tip on particle and substrate

The effect of the tip can be viewed from two perspectives:
• Even in the absence of a particle, light will evanescently couple, or optically tunnel, from the
substrate to the high dielectric constant tip.
• The tip strongly perturbs the nanoparticle’s local dielectric environment.
In both cases, one expects the presence of the tip to enhance absorption and scattering for the
nanoparticle, and to locally enhance the electric field between the tip and particle. Moreover, one
would expect the spatial localization of these near-field effects to be governed primarily by the
geometry and not by the wavelength of illumination. Although some experiments are conducted
with metal tips to further enhance the field, the dielectric tip allows us to study these effects without
introducing additional complexity associated with the localized surface plasmon resonances of the
tip itself. Better understanding of this geometry will lead to better control of selective absorption
and field enhancement with possible applications in deterministic patterning, sensing, and imaging.
There have been only a few reports describing the optical phenomenon associated with a tip near
a particle. Fikri et al. conducted 2D finite element simulations of scanning probe/particle geometries
to study the effect of probe vibration and lock-in detection on scanning near-field optical microscopy
[30]. Stiles. et al., experimentally studied the effect of a standard AFM tip on optical scattering
from nanoparticles [4]. Most recently Sadiq, et al., investigated a system in which nanoparticles
were probed with a metallic, grating-coupled near-field optical probe [31]. They used focused
scattering type near field scanning optical microscopy (s-NSOM), where they demostrated sub-30
nm resolution of SPP fields.
The behavior of nano-tip under laser irradiation was explored by Chen et al. [13]. The emphasis
was on studying the effect of tip radius of curvature, aspect ratio, and polarization of the incident
laser. They demonstrated that the peak field enhancement decreases exponentially with increased
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distance between tip and substrate. We found a similar effect in our simulations in Figure 6.5 in
which enhancement decreases exponentially as the tip moves away from the particle. Additionally,
Chen, et al., found from Poynting vector study that the incident light ”bends” around the tip and
confined under the apex, where the field enhancement is the greatest.
In 2010, Loke, et al., explored a similar setup numerically using a version of the Discrete Dipole
Approximation (DDA) [10] technique and very recently published a Matlab toolbox with surface
interaction (SI) [32]. However, they studied the internal field rather than the scattered field and the
focus was on the effect of shaft length of the AFM probe.
Although highly informative, the papers mentioned above do not address the absorption and field
enhancement associated with the geometry of interest here, i.e. a simple high-dielectric constant tip
near a nanoparticle under TIR illumination. In addition to the intrinsic interest of this scarcely
explored geometry, this configuration also requires addressing several simulation challenges, which
should prove useful in addressing a broad range of nanoscale optical problems via the finite element
method (FEM).
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Chapter 4
Simulation setup
4.1

Software used

We used the RF module of COMSOL Multiphysics 3.5a [33] to implement the finite element method
(FEM). COMSOLs 3D scattered harmonic propagation mode calculates the difference between a
volume source field defined in the absence of a scatterer and the total field in the presence of the
scatterer. This difference is referred to as the scattered field, which still provides access to the details
of the near field and should not be confused with techniques for calculating the scattered far field.

4.2

Geometry

A 600-nm diameter spherical simulation domain was divided into two hemispherical half spaces.
The lower is the substrate, BK7 glass, and the upper is vacuum. The domain is surrounded by 100nm thick perfectly matched layers (PML) [25] backed by scattering boundaries to prevent spurious
reflections. A 50-nm diameter gold nanoparticle is placed in contact with the substrate at a single
point. In reality, nanoparticles typically contact substrates along a crystal facet; however, simulation
of all the varieties of such an interface was impractical for this study. We did take the precaution
of limiting our search for the maximum electric-field enhancement to the upper hemisphere of the
particle. This eliminates any spurious field peaks at the point contact. The refractive index values
for BK7 were taken from Schott [34] while the values for gold were taken from Johnson and Christy
[35].
In Figure 4.1(b), the silicon tip radius is 10 nm and the cone angle is 10◦ at the apex, based on
the nominal dimensions given by the AFM probe manufacturer [16]. The refractive index of silicon
was taken from measurements compiled by J. A. Woolam, Inc. and the University of Nebraska,
which are very similar to the data listed by Palik [36].
In the simulation, the tip length was truncated to 370 nm. Extending the tip through the PML
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Figure 4.1: (a) Cross-sectional schematic of geometry of interest. A Si tip (length =370 nm, radius=
10 nm, cone angle = 10◦ ), is illuminated at an angle, θ of 50◦ . For TE/TM polarization, the electric/magnetic field is transverse to the plane of incidence. (b) Cross section of 3D simulation geometry with a truncated Si tip suspended above a gold nanoparticle (AuNP) on a glass substrate.
100-nm-thick perfectly matched layer (PML) encloses the simulation domain.
would have approximated a more realistic structure (several microns in length); however, the scattered field formulation in COMSOL assumes the scattering objects are entirely confined within the
physical domain. Illuminating at normal incidence produces a strongly guided wave in the silicon
tip. Thus, the choice of tip length can significantly affect the simulation results. However, this wave
guiding effect is far weaker when illuminating at oblique incidence beyond the critical angle for
glass. The evanescent wave decays exponentially so by the end of the tip length the norm of the E
field is reduced by more than 30 times compared to the interface under the particle. For example, in
TIR illumination, changing the tip length from 370 nm to 670 nm causes no more than only 3.5%
difference in Cabs of AuNP. Loke and Mengüç have explored the effect of tip truncation using a
newly developed Discrete Dipole Approximation with Surface Interactions (DDA-SI) analysis [10].
The gap between the tip and PML was 100 nm or approximately one fifth of a wavelength. This
choice of gap allows the mesh elements to remain approximately the same size as in the surrounding
air region, and thus has minimal impact on computation time. The vertical and lateral positions of
the tip were varied over a range of 1 to 100 nm and -320 to 320 nm respectively. For all our
simulations, we used a single plane of symmetry to reduce computation time by half.
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4.3

Meshing
Table 4.1: Error with respect to Mie for different meshing size in different domain.
Maximum element size
Sub
PML
domain

75 nm
50 nm

150 nm
100 nm

For the simulation of a specific angle at 532 nm wavelength
Degrees of Time for Number of Error
freedom
one sim- elements in compared
ulation
AuNP
to Mie
(s)
402478
660
359
+/- 5%
1236108
18000
1841
+/- 2%

Figure 4.2: (a) 359 mesh elements in AuNP and maximum element size (in tip = 50nm, PML =
150 nm and remaining subdomain = 75 nm). and (b) Norm of the E field, ranging from zero (blue)
to 27.338 (red) V/m for 5 nm vertical separation.
The same geometry was used for all simulations in order to ensure consistent meshing, an
exmaple of which is shown in Figure 4.2(a). Therefore, to model a suspended particle in free
space, we defined every subdomain with refractive index, n =1, except the AuNP. Likewise, for
simulations without the tip, the tip subdomain was defined with refractive index 1. The AuNP had
359 mesh elements. The maximum mesh element sizes in the tip, PML and remaining sub domains
were 50 nm, 150 nm and 75 nm respectively. The relative density of the meshing in different domain
can be seen in Figure 4.2(a). These parameters were optimized to run a single wavelength simulation using dual Intel Xeon quad core processors (2.27 GHz and 24GB RAM) in 128 s. Refining
the mesh further or inserting more elements between the tip and particle did not change the optical
absorption by more than 5%. Inserting 1000 elements instead of 1 between the tip and particle did
17

not change the Cabs of AuNP more than 1%. Reducing the maximum element size from 75 nm to
50 nm in the substrate and air domains reduced the error compared to Mie theory from 5%, as is
plotted in Figure 6.1, to 2% but required 27 times longer simulations, as we described in Table 4.1.

4.4

Formulation

We defined the source field based on an infinite plane wave incident from within the substrate.
The source field was defined analytically, using the Fresnel equations. The reflection rT E and
transmission tT E coefficients for the TE polarization would be

rT E =

n1 cosθ1 − n2 cosθ2
n1 cosθ1 + n2 cosθ2

(4.1)

tT E =

2n1 cosθ1
n1 cosθ1 + n2 cosθ2

(4.2)

where the refractive index of the glass and air are n1 and n2 , respectively, and θ1 and θ2 are the
angles in first (glass) and second (air) medium, respectively. Similarly, for the TM polarization, the
reflection rT M and transmission tT M coefficients are given by

rT M =

n2 cosθ1 − n1 cosθ2
n1 cosθ2 + n2 cosθ1

(4.3)

tT M =

2n1 cosθ1
.
n1 cosθ2 + n2 cosθ1

(4.4)

Some define the volume source field by simulating wave propagation without a scatterer, and
using the resulting field as the input to a second simulation with the scatterer present [7]. In this
thesis, the source is defined over the entire 3D simulation domain in the absence of the particle and
tip. For a TE polarized incident wave, e.g. the incident field in first medium (glass) is



E0 exp(−jkx x − jky1 y) + rT E exp(−jkx x + jky1 y)
where, kx = k0 n1 sin(θ1 )
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(4.5)

Figure 4.3: TE field excitation at 532 nm and 50◦ angle of incidence from glass (bottom half-space)
to air (top half-space), defined as transverse component of 1 V/m. The juxtaposed pattern is due to
the interference between the incident and reflected wave.
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ky1 = k0 n1 cos(θ1 )
E0 = 1V /m
the sign is opposite in second term because that defines the reflected wave. Similarly, the incident field in second medium (air) for the TE polarized case would be

E0 tT E exp(−jkx x − jky2 y)

(4.6)

where, ky2 = k0 n2 cos(θ2 ). Figure 4.3 represents the source field.

Figure 4.4: TM field excitation at 532 nm and 50◦ angle of incidence from glass (bottom half-space)
to air (top half-space), defined as in plane components: (a) Ex and (b) Ey with the help of Fresnel
equations. The field value ranges from (red) 2.047 to (blue) -2.048 V/m. Note the continuity of
tangential and discontinuity of normal field across the glass-air interface. Also, note the exponential
decay of the evanescent field in air for 50◦ angle of incidence from the glass substrate (bottom
half-space). Again, the field is defined analytically everywhere except the PML as if no scatterer is
present.
The TM incident field can not be described with respect to the transverse component only;
rather, the in-plane Ex and Ey components are specified. In glass medium,



Ex = E0 cos(θ1 ) exp(−jkx x − jky1 y) − rT M exp(−jkx x + jky1 y)

(4.7)



Ey = −E0 sin(θ1 ) exp(−jkx x − jky1 y) + rT M exp(−jkx x + jky1 y)

(4.8)
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again, the sign is opposite in the second term being a reflected wave. Likewise, in transmission
medium (air),

Ex = E0 cos(θ2 )tT M exp(−jkx x − jky2 y)

(4.9)

Ey = −E0 sin(θ2 )tT M exp(−jkx x − jky2 y).

(4.10)

Our approach has two key advantages:
a) Defining the volume source field reduces unphysical diffractive effects associated with launching
a plane wave from a truncated boundary or from using unrealistic periodic boundary conditions.
b) Defining the source field analytically requires only one finite-element simulation to calculate the
final scattered field.
Both aspects contrast with two step methods in which one numerically calculates the source field by
launching a plane wave from a boundary in the absence of the scatterer, and then uses the resulting
field as the input to another simulation to calculate the scattered field [7].
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Chapter 5
Validation of simulation
5.1

Comparison to Mie Theory

We first compared our simulation with Lorenz-Mie [17] theory, as we briefly mentioned in Section
3.1, for a 50 nm diameter gold particle surrounded by air. The geometry is shown in Figure 5.2(a).
The Cabs was calculated for both TE and TM polarization waves (defined with respect to the symmetry plane, but physically indistinguishable). Over the wavelength range from 450 to 650 nm, the
worst-case deviation between the analytical and finite element absorption cross sections was 5% as
will be shown by our results in Figure 6.1.

p
Figure 5.1: (a) Norm of the electric field ( Ex Ex∗ + Ey Ey∗ + Ez Ez∗ ) for Mie validation, as plotted
in Figure 6.1 (a), with values ranging from (blue) zero to (red) 3.724 V/m. The substrate and tip
regions were defined as air (refractive index n =1). Note the orientation of field around the AuNP
due to the oblique 1 V/m amplitude of Ex and Ey incidence. (b) Scattered magnetic field (Hz )
for glass substrate without AuNP only. Tip and particle were defined as air (refractive index,n =
1). The maximum value ranges between +/- 6.765 ×10−7 A/m for incident E field amplitude of
Ex = 0.643 V/m and Ey = 0.766 V/m incidence at 532 nm. It is expected because there is no
scatterer present, as we detailed in Section 5.2. In both (a) and (b), the magnitude of field inside
PML is very small, implying almost no reflection off the outermost scattering boundary, cutting off
the simulation domain.
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5.2

Zero Scattered Field

Next, the simulation was run with the lower half-space as BK7 but without any scatterer in the
simulation domain as shown in Figure 5.2(b). In this case, any non-zero scattered field is the result
of numerical errors or unphysical reflections from the boundaries. In fact, the maximum magnitude
of the scattered field was found to be 3 orders of magnitude lower than the source field in this case
p
of Figure 5.2(b). The mean of norm of the electric field ( Ex Ex∗ + Ey Ey∗ + Ez Ez∗ ) was found to
be 3 orders of magnitude lower.

5.3

Normal Incidence for TE and TM polarization

The geometry, with or without a tip, is azimuthally symmetric, provided the tip is not laterally offset
from the nano particle. For normally incident illumination, as in Figure 5.2, there is no physical
difference between TE and TM polarized waves; however, the electric field is oriented differently
with respect to the symmetry plane. Thus, it is important to confirm that the polarization does not
significantly affect the results. In fact, with only a particle on the substrate, the absorption in the
AuNP at normal incidence differed by no more than 0.2% between TE and TM incident polarization
simulations between 450 and 650 nm wavelengths.

5.4

Convergence of results

Table 5.1: Convergence check for TE polarized illumination at 532 nm and 60◦ angle of incidence
with tip-particle-substrate present. Cabs : absorption cross-section of 50-nm-diameter AuNP.
Radius of the domain
600 nm
800 nm
1 µm
1.2 µm
1.4 µm

Cabs × 10−15 (m2 )
1.33748
1.35411
1.33795
1.35086
1.35324

The complete geometry (tip, particle, and substrate) was checked for convergence by enlarging
the domain from 600 nm radius to 1.4 µm radius in steps of 200 nm for each polarization. In worst
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p
Figure 5.2: (a) Norm of the electric field ( Ex Ex∗ + Ey Ey∗ + Ez Ez∗ ) for TE illumination. (b) norm
of the electric field for TM illumination. In both case, the incident was 0◦ . The tip, particle and
substrate were defined according to the description in Section 4.2. The strong waveguide effect at
normal incidence of the Si tip is notable in both cases.
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case with 60◦ angle of incidence, it deviated less than 0.6% between 600 nm and 800 nm, listed in
Table 5.1. We chose 600 nm to reduce the computational time.
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Chapter 6
Results and Discussion
6.1

Effects of a Tip on Localized Surface Plasmon Resonance (LSPR)

As the resonance condition of an isolated particle depends on the relative permittivity of the surrounding media, the substrate, as a perturbation, causes red shift of the resonant wavelengths [18].
It is well established that Cabs near the surface-plasmon resonance of nanoparticles increases as the
permittivity of the surrounding media increases. The peak absorption wavelength also red-shifts as
the energy associated with the plasmon resonance decreases in the more strongly polarizable environment [19]. As a result, the presence of a substrate causes a small increase and red shift in the
absorption resonance with respect to the particle in free space [18]. This can be seen clearly by
comparing Figure 6.1 (a), the free space result, with the no tip case in Figure 6.1(c-d).
The simulations in Figure 6.1 (d) show further shift in SPR as the Si tip is introduced and is
brought closer to the particle. With the decreasing vertical distance between the tip and particle, the
opposite charge close to the gap reduces the energy of the configuration [18], making it resonate at
a lower frequency. As is evident from Figure 6.1 (c), The variation in Cabs for TE polarization is insignificant with different vertical distances, because the electric field component in TE polarization
is transverse to the tip direction and has less interaction with tip than the parallel E-field component
of TM polarization.
More importantly, the high dielectric constant silicon tip can strongly modulate Cabs . Figure
6.1(b) plots the absorption cross-section as a function of tip-particle separation at a fixed wavelength
(532 nm). Simulations were conducted down to 1-nm separation; however, it has been established
that purely electromagnetic analysis is insufficient to accurately quantify interactions at gaps of
about 1 nm or less [37]. The 1-nm data point is included here as a reference for future comparison
with coupled electromagnetic and quantum mechanical simulations.
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Figure 6.1: (a) Validation against Mie theory for both TM and TE polarization (physically indistinguishable at normal incidence) waves. The worst-case relative error is below 5%. (b) Effect
of tip proximity on Cabs of AuNP at 532 nm. For TM illumination with a strong electric field
component along the tip axis, the absorption increases rapidly as the tip approaches the particle.
For TE polarized illumination, the tip has little effect. (c) Under TE polarized illumination, the
tip slightly increases and red shifts absorption; however, varying tip-particle separation has little
effect. (d) Under TM illumination, the absorption increases and the resonance wavelength red shifts
markedly as the tip approaches the particle. In all cases the y-axes were kept consistent to allow
direct comparison. The black vertical line indicates the resonant wavelength of AuNP in free space.
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6.2

Changing the Lateral Distance Between Tip and Particle:

Figure 6.2: Changing the horizontal distance between the tip and particle. The vertical distance
between the tip and particle was kept at 5 nm and the incident angle was 50◦ . In this case, the
particle is 160 nm left to the tip.
We also investigated the dependence of absorption on lateral separation between the tip and
the particle. In this case the separation is along the direction of illumination as depicted in Figure
4.1(a). To simplify the design of the simulation geometry, the particle was moved in the simulation
domain rather than the tip. A positive lateral offset indicates that the tip is located to the left of
the particle according to the view in Figure 4.1(a). The vertical separation between the tip apex
and the topmost point of the AuNP was kept constant at 5 nm. As the tip is brought closer to the
particle laterally, Cabs is enhanced under 50◦ TM illumination at 532 nm, as depicted in Figure 6.3
(a) . The maximum Cabs occurs when the tip is located 5 nm to the left of the particle based on
the perspective of Figure 4.1(a). Asymmetry in the relationship between absorption cross-section
and position is not surprising given the asymmetric illumination. We attribute the lower, broader
peak that occurs when the tip is to the right of the particle to interference effects resulting from
reflection and scattering from the tip. Once again, the tip has little effect for the TE polarization
case. Importantly, the absorption enhancement is spatially localized at the scale of the tip-particle
geometry, not the wavelength of light. As a result, nanoparticles can be selectively targeted for
modification, sensing, or processing at a scale far below the diffraction limit.
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Figure 6.3: (a) Change of Cabs of AuNP as a function of lateral tip-nano particle separation. Positive
values indicate the tip is to the left of the nano particle based on the perspective of Figure 4.1(a). (b)
Maximum electric-field enhancement as a function of tip-nano particle lateral separation. In both
cases, the enhancement is localized to scales far below the diffraction limit of the incident light.
Again, the incident wavelength and angle was 532 nm and 50◦ respectively.
Figure 6.3 (b) plots the field enhancement observed at the top surface of the particle. This
was determined by locating the maximum norm of the E field within a rectangular solid domain
surrounding the top half of the nanoparticle. In this case, the localization of the effect is even more
pronounced. As the tip moves across the top of the particle, both the vertical and horizontal gap
between the tip surface and the metal surface are reduced. Thus, the enhancement rapidly increases
and is localized to a distance of approximately 40 nm.
Interestingly, although the maximum absorption occurs slightly off axis (the particle is at 5 nm
right to the tip), as in Figure 6.3(a), the field is greatly enhanced when the tip is right above the
particle, as in Figure 6.3(b). The exponentially decaying incident field and inverse cubed distance
decay of the LSPR field interaction may be responsible for that.

6.3

Effect of Tip on Field Enhancement:

In our simulations, the amplitude of the incident wave was 1V/m; therefore, the norm of the electric
field corresponds directly to the field enhancement. The field enhancement data were sampled
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at 4394 points in the upper half of the AuNP to get the maximum field, because with different
relative positions of the tip, the maximum field occurs in different positions around the particle
surface. Even with a 1 nm vertical distance, however, the quantum mechanical effect is not taken
into account. With that small a distance, the classical approach should lead to a monotonic increase
in the field enhancement. But, a tunneling effects may very well cause modification in the optical
response and reduce the electric field enhancement in this case [37]. As we are working close to the
critical angle, the glass-air interface itself would give a strong field enhancement [38]. Even then,
the tip has a significant effect on the Cabs as is seen in Figure 6.4.

Figure 6.4: Field enhancement as a function of vertical separation between tip and particle. Inset:
Cross-sectional plot through the plane of symmetry for the time averaged electric field amplitude
with a 5-nm tip-particle separation. Note the localization of the field between tip and particle.
Again for TE polarization, these different vertical distances between tip and particle have little
effect. Because for the TE polarization, the electric field is polarized transverse to the tip-particle
axis and has little effect on absorption, even at separations approaching 1 nm. Likewise, Figure 6.1
(c) indicates that the absorption spectrum does not change significantly with tip-particle separation
for TE polarization. This is expected, because the surface charge distribution, and thus the electric
field, is concentrated at the sides of the particle, and away from the tip. As a result, the tip is only
a weak perturbation and does not dramatically affect Cabs . In contrast, for TM illumination, the
electric field is partially polarized along the tip-particle axis. In this case, charge is concentrated

30

at the top and bottom of the particle, as well as at the silicon tip, and the tip strongly perturbs the
electric field around the particle. With decreasing vertical distances between tip and particle, the
increasing polarization of the high dielectric constant tip reduces the energy of the configuration [18]
and leads to a longer resonance wavelength. As can be seen in Figures 6.1(b and d), the absorption
magnitude and resonant wavelength increase and red shift respectively as the tip approaches the
particle.

6.4

Effect of Tip on Particles of Different Sizes
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Figure 6.5: Absorption efficiencies of AuNPs of different sizes with a constant 5-nm tip-particle
separation. Note the enhancement with the presence of a tip for TM polarization.
For a particle much smaller than the incident wavelength, the absorption cross-section (Cabs )
is proportional to the radius cubed [19]. A linear increase in the absorption efficiency (Qabs ) as
a function of diameter is expected, because the efficiency is normalized to the geometrical crosssection of the spherical nano particle, i.e. Qabs =

Cabs
.
πr2

This can be seen in Figure 6.5 for both the

TE and TM polarization in the absence of the tip. In the TE polarization, the presence of the tip does
not dramatically alter the absorption of the particle, regardless of size. For TM illumination, the tipinduced enhancement in Qabs is significant as shown in Figure 6.5 . The greatest enhancement in
absorption efficiency is observed when the radius of the particle is smaller than the radius of the
tip. This is not surprising because in this case, the tip provides a strong perturbation on the local
dielectric environment of the particle. As the particle radius becomes larger than the tip radius, the
31

effect of the tip lessens. Still, the tip gives the provision of targeting for individual particle from
fabrication point of view. However, a large ratio of tip to particle radius will sacrifice selectivity if
more than one particle is present.
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Chapter 7
Conclusions and future work
In this study, we have explored the effect of a nanoscale tip on the absorption and field enhancement
for a metallic nanoparticle illuminated under total internal reflection conditions. For an electric field
polarized orthogonal to the tip axis little effect is observed. If the electric field is partially polarized
along the tip axis, then both absorption and electric fields are strongly enhanced. The enhancement
is accompanied by a red-shift in the surface-plasmon resonance wavelength of the particle. These
effects are observed when the vertical and horizontal separation of the tip and nanoparticle are
significantly less than the wavelength of the illuminating light. Thus, the technique can be used
to selectively excite nanoparticles, and thus drive modification processes, far below the diffraction
limit. The change in absorption and field enhancement with particle size indicates that there is
likely to be a tradeoff between spatial localization of these effects and their maximum enhancement.
Further studies are required to better understand this tradeoff.
Grosges et al. have already done the comparison of FEM and FDTD with Mie for a suspended
particle [39]. We are planning to benchmark the near field spectroscopic and intensity map computation for particles on a substrate for a Discrete Dipole Approximation with Surface Interaction
(DDA-SI) [10]. The generic concept of DDA is that each particle is visualized as an assembly of
finite cubic elements so that, the field can be calculated by evaluating the interaction with the incident field and the neighboring induced fields [40]. The purpose of this work is to validate DDA-SI
with the help of FEM, FDTD and an analytical method for sphere-planar substrate scattering [41].
For a particle only, we could very well do the comparison with Mie theory, as in Figure 7.1. Where
there is a high imaginary component in its refractive index, as in AuNP, DDA-SI required volume
correction [42]. So, by shrinking the radius by 3%, it fits nicely. This volume correction is not
required if the refractive index has a low imaginary component. Interestingly, a volume correction
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Figure 7.1: Comparisons of the absorption and scattering efficiencies for a 50 nm Au particle using
FDTD, FEM, DDA-SI, and Mie theory. Plot a is offset by 0.5 and plot b is offset by 0.05 to show
the individual agreement with Mie theory. Plots c and d shows the relative error of each method
with respect to Mie theory. Figure courtesy of Eugene Donev.
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is not needed when there is a substrate present. Perhaps it reduces the overall contrast in refractive
index i.e. between AuNP and the environment.
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Chapter 8
Appendix

A.1

Surface Plasmon Polaritons (SPP)

Figure A.1.1: Simulation SPP at Ag-glass interface. The port boundary is emitting 1 watt TM
polarized wave towards the Ag film. As is shown in figure A.1.2, at 43.9◦ angle of incidence, the
energy is transformed into propagating surface plasmon and trapped in a much smaller scale than
the incident 532 nm wavelength. Port boundary launches the wave and lets the reflected wave go
through uninterrupted.
Figure A.1.1 is a 2D Contour plot of the z component of the magnetic field os Surface Plasmon

36

Polaritons (SPP). The SPP is excited at the interface of silver and air. The boundary condition of
the sides were Floquet periodic. There is a discontinuity between the air-air horizontal interface
where on one side a 532 nm TM polarized wave was launched at an angle of 43.9◦ from the normal.
The reflected wave from the Ag film could propagate across that boundary unimpeded and could
be absorbed in PML. Note the high amplitude of the SPP field for a 1 watt incident field and its
confinement smaller than the incident wavelength.
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Figure A.1.2: Reflectivity curve with respect to the incident angle.
Note in Figure A.1.2, how the reflectivity drops down sharply where the SPP is the strongly
excited. One interpretation is that the missing energy is converted into surface plasmon wave at the
interface [18].

A.2

Mie

Mie theory allows one to calculate the scattering coefficients of a non magnetic spherical particle
embedded in a homogenous media . The idea is to add the scattered field to the incident field to get
the total field.
Ei + Es = E1 ,

Hi + Hs = H1 .

(A.2.1)

The an and bn of equation (A.2.2) and (A.2.3) below are referred to as the Mie coefficients which
determine the relative amplitudes of the vector spherical harmonics when excited by a specific
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wavelength:
an =

n̄2 jn (n̄x)[xjn (x)]0 − µ̄jn (x)[n̄xjn (n̄x)]0
(1)

(1)

n̄2 jn (n̄x)[xhn (x)]0 − µ̄hn (x)[n̄xjn (n̄x)]0

bn =

µ̄jn (n̄x)[xjn (x)]0 − jn (x)[n̄xjn (n̄x)]0
(1)

(1)

µ̄jn (n̄x)[xhn (x)]0 − hn (x)[n̄xjn (n̄x)]0

(A.2.2)

(A.2.3)

where, n̄ = n1 /n2 is the relative refractive index and x = 2πn2 a/λ. The n1 is the complex
refractive index of the particle, n2 is the refractive index of the surrounding medium, a is the radius
of the sphere, and λ is the wavelength in vacuum. jn and hn are the spherical Bessel functions and
spherical Hankel functions of order n, respectively [40].
As we explained by the Figure 2.4, the scattering off a particle depends on the size (a), relative
permittivity and hence on the refractive index(n), as is shown in equations (A.2.2) and (A.2.3). an
and bn tend to be zero as n̄ approaches unity, implying that the scattered field should be zero if
there were no particle present [19]. Dr. E. U. Donev wrote the Mie code for us using the reference
[43], where the particular implementation allows one to embed the particle in an absorbing medium,
which standard Mie theory does not. Our surrounding media, however, was not absorbing.

A.3

Finite Element Method (FEM)

Finite Element Method solves the scattered field problem in frequency by discretizing the Helmholtz
wave equations [40]:

52 E + k 2 E = 0

(A.3.1)

52 H + k 2 H = 0

(A.3.2)

k 2 (r) = ω 2 ε(r)µ(r)/c2

(A.3.3)

where

The material property is incorporated by Equation A.3.3. The general idea is to solve the
Helmholtz equations in free space such that the fields satisfy the boundary conditions:
• The tangential field components are continuous across the surface of the particle and
The entire sub-domain is discretized in smaller mesh domain, often with a tetrahedral shape.
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The E and H fields are approximated in each element by a local function. Although, it is hard to
accommodate a spherical surface with tetrahedral shaped element, with sufficiently small size, one
can get sufficient precision. Another key point of FEM is not to allow the reflected wave off of the
computational boundary, which would jeopardize the results [40]. In the simulations of this thesis,
we used PML to avoid this unwanted reflection, as we described in Section 4.2.
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dipole approximation of gold nanosphere on substrates: Considerations and comparison with
other discretization method. Accepted at Journal Atti della Accademia Peloritana dei Pelicoranti.

44

